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The distribution of local residual stresses (threshold to instability) that controls the statistical
properties of plastic flow in athermal amorphous solids is examined with an atomistic simulation
technique. For quiescent configurations, the distribution has a pseudogap (power-law) form with
an exponent that agrees well with global yielding statistics. As soon as deformation sets in, the
pseudogap region gives way to a system size dependent plateau at small residual stresses that can
be understood from the statistics of local residual stress differences between plastic events. Results
further suggest that the local yield stress in amorphous solids changes even if the given region does
not participate in plastic activity.
I. INTRODUCTION
Linking atomic scale observables quantitatively to pa-
rameters in effective, coarse-grained descriptions is an
important challenge in materials physics. Amorphous
materials might appear homogeneous beyond local pack-
ing effects, but exhibit structural heterogeneity at the
nanoscale [1]. The shear modulus, for instance, is not
uniform everywhere but exhibits Gaussian fluctuations
on the scale of ∼ 10 particle diameters that have their
origin in the strong nonaffine atomic displacement field
of disordered packings already in the elastic regime [2].
While local linear properties such as moduli can be
probed without an external perturbation through the use
of fluctuation formulas [3], no such options exists for
nonlinear, plastic properties. Ideally one would like to
induce plastic yielding in a small local region of interest
while eliminating plasticity everywhere else. The only
computational approach that has been proposed to date
to accomplish this task consists in the (rather drastic)
step of enforcing fully affine deformation everywhere but
in the region of interest, where particles can move freely
[4]. As a result, the nonaffine displacement field (with
correlations extending over many particle diameters) is
truncated at the boundary between the probe region and
the ”frozen matrix” (FM). At the linear response level,
it is well documented that this truncation shifts the aver-
age shear modulus to higher values and reduces the vari-
ance of the Gaussian fluctuations in comparison to a fully
unconstrained approach [5]. However, the method still
faithfully detects about the distribution of soft vs. hard
regions in the amorphous solid.
For this reason, the FM technique has recently been ap-
plied to study the distribution of local yield stresses σY in
amorphous solids [6, 7]. Patinet et al. have constructed
local yield stress maps of two-dimensional amorphous
mixtures after a quench from the liquid phase [8–10].
They found that when these solids are sheared quasistat-
ically, the first plastic events are indeed occurring in re-
gions that exhibit a particularly low local yield stress in
the given shear direction. Despite the artefacts poten-
tially induced by the frozen constraint, key information
is thus revealed about the distribution of energy barriers
that control shear rearrangements. This situates the FM
method well within the broader effort to predict the lo-
cation of irreversible (dynamical) rearrangements from
structural (static) features of amorphous packings [11–
14].
Motivated by this success, we seek to explore in this
contribution the potential of the FM method to reveal
robust statistical information of local mechanical observ-
ables in quiescent and flowing amorphous solids. Our
focus here is not the yield stress per se, but instead the
residual stress x = σY − σ0, which is the difference
between the local yield stress σY and the local stress
σ0 and is a measure of how far a local region is from
instability. The distribution P (x) plays a central role
in contemporary descriptions of the statistical proper-
ties of the yielding transition, because its behavior at
small arguments controls the statistics of macroscopic
slip events (avalanches) under athermal quasistatic de-
formation. The distribution is assumed to be scale-free
(i.e has a power-law form) and to vanish at zero, i.e.
P (x) ∼ xθ as x → 0 and the pseudogap exponent θ en-
ters various scaling relations linking critical exponents of
the yielding transition.
In the following, we first present results for P (x) from
the FM method applied to the quenched state of a 2D
model amorphous solid. We show that a pseudogap form
is indeed obtained with an exponent that agrees with
one inferred from macroscopic deformation. We then
extend the analysis to the transient and steady state of
quasistatic deformation, where the distribution P (x) de-
velops a system size dependent plateau in the small x
region. By studying the distribution of stress increments
P (∆x) between slip events, where ∆x = ∆σY −∆σ0, we
show that this plateau can be attributed to the discrete
increments of the underlying mechanical noise. We ar-
gue that the FM method reveals correct generic trends
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2in the residual stress distribution P (x), but a quanti-
tative prediction of the pseudogap exponent under de-
formation requires larger system sizes that are currently
computationally not accessible due to combined effects
of frozen boundary and finite size artefacts.
II. SIMULATION METHODS
A. System
We consider a 2D Lennard-Jones (LJ) glass-forming bi-
nary mixture which has been introduced by Lanc¸on et al.
[15] originally to investigate the properties of 2D qua-
sicrystals. Following refs. [9, 16], the NL large and NS
small particles interact through the potential:
Uab(r) =

4εab
[(σab
r
)12
−
(σab
r
)6]
+ US , ∀ r ≤ rin
4∑
k=0
Ckr
k ∀ , rin < r ≤ rcut
0, ∀ r > rcut
(1)
where {a, b} = {L, S} and r is the distance between two
particles. The potential is shifted at the cutoff distance
rcut = 2.5σLS and smoothed for rin < r ≤ rcut where
rin = 2.0σLS in order to ensure that Uab(r) is twice dif-
ferentiable. The shift in energy US and the coefficients
Ck are:
US = C0 − 4εab
[(
σab
rin
)12
−
(
σab
rin
)6]
(2)
C0 = −(rcut − rin)[3C1 + C2(rcut − rin)]/6
C1 = 24εabσ
6
ab(r
6
in − 2σ6)/r13in
C2 = −12εabσ6ab(7r6in − 26σ6)/r14in
C3 = −[3C1 + 4C2(rcut − rin)]/[3(rcut − rin)2]
C4 = [C1 + C2(rcut − rin)]/[3(rcut − rin)3]
The different LJ parameters are σLL = 2 sin(pi/5),
σLS = 1, σSS = 2 sin(pi/10), εLL = εSS = 0.5,
εLS = 1, and all masses are set to m = 1. The ra-
tio between large and small particles is chosen such as
NL/NS = (1 +
√
5)/4, and we work at constant density
N/V = 1.0206. In what follows, the length, mass, en-
ergy and time units are expressed in term of σLS , m, εLS
and σLS
√
m/εLS respectively. For this system, the glass
transition temperature is Tg = 0.325εLS/kB where kB is
Boltzmann’s constant.
All simulations have been carried out using the
LAMMPS software [17]. We consider a 2D triclinic simu-
lation box of size L under periodic boundary conditions
where L ∈ [53, 300] in order to probe system size scaling.
To generate the different glass configurations, we first
equilibrate systems in the liquid phase at T = 2Tg us-
ing the Langevin thermostat with a damping parameter
FIG. 1. Top: Illustration of the frozen matrix method. A cir-
cular region of size R is selected from a global configuration
and a shell of frozen particles of size 2rcut is kept in addition.
Bottom: Example of a quenched (applied strain γ = 0) global
configuration of size L = 100. The circular regions onto which
the frozen matrix is applied, are represented with darker col-
ors.The regions do not interpenetrate to ensure their indepen-
dence during FM analysis.
Tdamp = 1.0. The timestep is chosen as δt = 0.005. Af-
ter equilibration, the different configurations are cooled
down to T = 0 at dT/dt = 2 · 10−3. Finally an energy
minimization is perfomed to ensure that the system is in
its local minimum.
B. Athermal quasistatic shear
Subsequent to cooling, the systems are deformed fol-
lowing the athermal quasistatic shear (AQS) protocol
[]. Simple shear is applied in the following way: an
affine deformation is first performed by tilting the simu-
lation box in the x direction by an amount δγxyL, where
δγxy = 5 · 10−5 is the strain increment, and then remap-
ping the position of the particle inside the deformed box.
3In a second step, we allow the system to relax through
an energy minimization using the conjugate gradient
method.
C. Frozen matrix method
To probe the local properties of our samples, we con-
sider circular regions of size R embedded into a frozen
shell of size 2rcut as illustrated in Figure 1 (top). During
an AQS step, only the inner region can relax implying
that if a plastic event occurs, it is necessarily located in-
side the circular region. In the following, we refer to de-
formations of the whole periodic simulation box as global
and to deformations of the circular regions as local.
In practice, starting from a global configuration ob-
tained at a given applied strain γ, we select regions, as
shown in Figure 1 (Bottom), that we deform under sim-
ple shear. By monitoring for each site region the evolu-
tion of stress as a function of the applied strain, we can
access σY and γY , the local yield stress and yield strain,
respectively. Knowing the initial local stress σ0 of the
circular region, we can determine the residual stresses x
associated with each local region.
D. Detection of plastic events
To detect plastic events, we revisit an energy-based cri-
terion introduced in ref. [18] that suits perfectly the AQS
protocol. The observable κ = (Uaff − U0)/(Nδγ2) mea-
sures the mismatch between the energy associated with
the affine displacement Uaff and the inherent structure
U0. As we show in the Appendix, it is possible to deter-
mine analytically an upper bound to κ ≤ GB/(2ρ) below
which system behaves only elastically. GB is the Born
shear modulus. As it is associated to affine deformation,
GB has the same value for both global and local defor-
mations and it is therefore a convenient criterion that can
be applied to determine plastic activity in both cases. We
numerically found that GB ≈ 26, therefore in this work,
we consider events that have κ ≥ 30 as plastic.
III. DISTRIBUTION OF RESIDUAL STRESSES
In order to assess the ability of the FM method to ac-
curately obtain the distribution P (x), we focus first on
the quenched state. We prepare Ng = 5 · 104 quenched
global configurations of size L = 100, and from these Ng
configurations, we select N` ≥ 2 · 105 independent local
sites onto which we apply the FM method by deforming
these local sites up to the first plastic event. In order to
probe the influence of the size R of the local region, we
consider R ∈ [5.0; 20.0].
Additionally, we deform all Ng configurations globally
without any constraints and record the global residual
stress xmin of the first time failure is observed as well
FIG. 2. Comparison between the distribution of weakest sites
P (ymin) (?) computed from the global configurations and the
distribution of P (y) (open symbols) obtained by the local FM
method for circular regions of different sizes R. The top panel
shows results for the residual stresses y = x while the mid-
dle panel shows the yield strains y = γY . In both panels, the
dashed lines correspond to Weibull fits to the global data. The
bottom panel shows the scaling of 〈xmin〉 and 〈γY,min〉 with
system size L.
as the associated global yield strain γY . In the AQS pro-
tocol, the first failure event represents by definition the
weakest site in the system. According to extreme value
statistics, if the underlying distribution of the observable
y = {x, γY } is power-law distributed at small arguments,
P (y) ∼ yθ, then the distribution of independent minimal
values ymin sampled from P (y) is expected to follow a
Weibull distribution: [19]
P (ymin) =
1 + θ
〈ymin〉
(
ymin
〈ymin〉
)θ
exp
[
−
(
ymin
〈ymin〉
)1+θ]
(3)
4FIG. 3. Maps of residual stress x, local yield stress σY , and yield strain γY upon deformation for an applied strain γ = 0 (Top),
γ = 0.03 (Middle) and γ = 0.18 (Bottom).
In Figure 2 we show P (x) and P (xmin) (Top) and
P (γY ) and P (γY,min) (Middle). We first observe that the
Weibull distribution, when fitted to our data, describes
well the distributions P (xmin) and P (γY,min) coming
from the global configurations. However, we notice that
the Weibull exponent θ = 0.37 is smaller in the case
of weakest residual stresses than in the case of small-
est yield strain, where we obtain θ = 0.52. We attribute
the difference to the limited statistics obtained for both
quantities in the very small xmin and γY,min regions.
Inspection of the distributions P (y;R) reveals the ef-
fects of size R and of the constraint imposed by the
frozen shell. For both residual stresses and yield strains,
increasing R induces a shift of the distribution toward
smaller values of y. However, the distributions show a
pseudogap form at small x and rapidly decaying part at
larger x. For R < 10, we notice the presence of two
power-law regimes. One regime at very small values ex-
hibits an exponent θ1 = 0.58 for P (x) which is larger
than the exponent θ = 0.37 extracted from P (xmin). For
the yield strain, however, θ1 = 0.52 is in perfect agree-
ment with θ extracted from the Weibull fit of P (γY,min)
and also in good agreement with θ1 from the residual
stress.
For larger values of y and R = 5.00, there appears
to be a transition to a steeper power-law regime where
θ2 = 1.3. This second regime is a consequence of the
frozen boundary, which prevents nonaffine relaxations
outside the circular region and therefore makes the re-
arrangements more difficult. This effect is particularly
important for small local regions but, as R increases, re-
laxation becomes easier and the two power law regimes
merge into one unique regime when R ≥ 10.
For the weakest sites which are on the verge of yield-
ing, the rearrangements do not require a substantial de-
formation and the constraints induced by FM do not
affect their relaxation. Therefore, the distributions ob-
tained in small x or small γY regions show what we be-
lieve to be the right pseudogap form. To confirm our
hypothesis, we look at the scaling of 〈xmin〉 and 〈γY,min〉
with the system size in the global unconstrained configu-
rations. Results are shown in the bottom panel of Figure
2, where we see that 〈ymin〉 ∼ L−α with α = 1.24 in the
case of 〈xmin〉 and α = 1.21 in the case of 〈γY,min〉. Using
extreme value statistics, θ = 2/α−1 (see also eq. (5)), we
thus find θ = 0.61 (resp. θ = 0.65) for residual stresses
(resp. yield strains). These values are in good agreement
with θ1 extracted from the distributions obtained with
FM. The results obtained in the quenched state are in
agreement with what has been reported by other atom-
istic simulations that found θ ≈ 0.6 for deformations on
global systems [19, 20]. They are also coherent with re-
sults obtained from elastoplastic mesoscopic and mean-
field models, for which P (x) can be determined easily,
which find θ ≈ 0.6 [21] and θ ≈ 0.5 [22] respectively.
As the FM method is able to capture correctly the pseu-
dogap exponent in the quenched state, we can use it to
probe what occurs during deformation. As shown before,
the shape of P (x) is strongly influenced by the size of the
circular region. One possibility is to consider local re-
5gions of R ≥ 10 to avoid dealing with the two power law
regimes, but then each local region would include more
than 300 particles. Recent work from Barbot et al. shows
a good correlation between local yield stress and plastic
activity for R = 5.0 (∼ 80 particles) and thus argues for
using a smaller size of system to correctly capture plastic
activity. This value also coincides with the lower bound
for which Hooke’s law still applies [1]. For these reasons,
in what follows, we set the size of the frozen region to
R = 5.0.
IV. EVOLUTION UPON DEFORMATION
A. Local plastic observables
In order to probe the effect of deformation on the local
plastic observables x, σY and γY , we consider Ng differ-
ent global configurations of size L that we deform up to
20%. Snapshots are saved every 1% of deformation in the
transient regime and every 2% of deformation in the sta-
tionary regime. As for the quenched state, we consider
N` independent local regions of size R = 5.0 selected
from global configurations saved at given applied strain
γ.
Examples of maps of these quantities for several values
of applied strain can be seen in Figure 3. As also found
by Patinet et al., [8, 9], heterogeneities are well-visible
in the quenched state for residual stress, yield stress and
yield strain. We see the presence of weak spots embed-
ded into an harder medium. The maps of the residual
stress and yield strain are very similar due to the nature
of the loading protocol. Indeed less deformation is re-
quired to make weak sites fails, so sites with small x are
also sites with small γY .
Upon deformation, we notice that the number of sites
with very weak values of σY decreases significantly
pointing toward a homogenization of the system in the
stationary regime. This observation is also visible in the
top panel of Figure 4 where the probability of the local
yield stress, P (σY ), is smaller at small σY in the tran-
sient and stationary regimes than in the quenched state.
Moreover, there appears to be a tendency of hard spots to
become softer in the transient regime. Maps in the tran-
sient regime show the larger number of weak spots as we
also observe in the probability distribution function (pdf)
of the yield strain P (γY ) displayed in the bottom panel
of Figure 4. Indeed the fraction of small γY is larger in
the transient regime than in the quenched and stationary
regime which have almost the same fraction of small γY .
B. Plateaus and mechanical noise
The evolution of residual stresses upon deformation
is shown in Figure 5. At the earliest stages of defor-
mation, we find P (x) ∼ xθ in the small x region and
the pseudogap exponent θ is decreasing. After only 3%
FIG. 4. Probability distributions of the yield stress, σY (Top)
and of the yield strain, γY (Bottom) for three applied strains in
the quench, transient and stationary regimes.
FIG. 5. Evolution of the distribution of residual
stresses P (x) with increasing applied strain γ =
0, 0, 01, 0.02, 0.04, 0.06, 0.08, 0.12, 0.18 (from top to bot-
tom) in systems of size L = 300. The triangles represent the
location of 〈xmin〉 obtained from global deformation of the
configurations. The different curves have been shifted in the
upper direction for sake of clarity.
strain, we notice the appearance of a plateau which re-
mains visible for larger applied strains. Such deviations
from the pure pseudogap form of P (x) in the steady state
have recently been reported in two different works that
employed coarse-grained idealized elastoplastic models
(EPM) [23, 24]. These observations could be described
by rewriting the pdf of residual stresses as P (x) ∼ p0+xθ,
where p0 ∼ L−p. A system size dependence of the
plateau value of P (x) also appears in our atomistic sim-
ulations as reported in Figure 6, where P (x) are shown
6FIG. 6. Effect of the system size L on P (x) in the transient
(Top) and stationary regime (Bottom). The triangles indicate
the location of 〈xmin〉 while the circles stand for the location
of the lower cutoff of the mechanical noise ∆x, see Fig. 7.
The insets shows the scaling with L of the plateau p0 and the
crossover xc from the power law regime to the plateau.
for different sizes L and for two given applied strains,
γ = 0.03 (transient) and γ = 0.18 (stationary). In or-
der to investigate the size scaling of the plateau value p0
(see inset), we average the value of P (x) for x ≤ 10−3
and find the plateau p0 ∼ L−0.15 in the transient regime
and p0 ∼ L−0.27 in the steady-state regime. The val-
ues of these exponents are significantly lower than those
reported in the EPM studies [23, 24]. In qualitative
agreement with these studies, however, we observe that
when the system size L increases, the crossover from the
power law region to the plateau occurs at smaller values
of x. We estimate the value xc at which the crossover
takes place by looking at the intersection between the
plateau and the power law region. As shown in the in-
set of Figure 6, in the stationary regime we find that
xc ∼ L−0.78. This value is in agreement with EPM re-
sults for which the exponent has been estimated between
0.73-0.95 [23, 24].
The origin of the plateau can be attributed to the dis-
creteness of the underlying stochastic process as sug-
gested by Zoia et al. [25] in the context of fractional
Brownian motion. The dynamics of the variable x can be
viewed as a random walk in the presence of an absorbing
boundary at x = 0. One expects deviations from scale-
free behavior of the steady state distribution P (x) near
that boundary when x becomes of the order of the typ-
FIG. 7. Distribution of the changes in local stress ∆σ0,
yield stress ∆σY and residual stress ∆x between consecu-
tive avalanches in the transient (left) and stationary (right)
regimes. The bottom panel shows the system size scaling of
the lower cutoffs of these distributions.
ical increment of the mechanical noise coming from the
stochastic redistribution of the stress during plastic rear-
rangements. The plateau is therefore a finite size effect
that vanishes in the thermodynamic limit. The distribu-
tion of stress kicks ∆σ0, which monitors the variation of
stress between two consecutive plastic rearrangements,
is known to be broadly distributed and can be described
7FIG. 8. Upper panel: System size scaling of 〈xmin〉 and ∆σ
in the transient (Top) and stationary (Bottom) regimes. Lower
panel: Examples of fits performed on P (x) and cdf(x) in the
transient and stationary state for L = 300. The filled symbols
show the range of x values for which x > ∆xc.
by a truncated Pareto distribution [22],
ρ(∆σ0) =
µ∆σµ0,c
|∆σ0|1+µ (4)
where ∆σ0,c ∼ L−2/µ is the lower cutoff of the distribu-
tion which depends on the system size and sets a charac-
teristic scale. The distribution also has an upper (system
size independent) cutoff which comes from the variation
of stress felt by adjacent sites. The exponent µ is related
to the elastic interaction kernel G(r) ∼ r−d/µ. For µ = 1,
we recover the Eshelby kernel [22] that can be well fit to
elementary shear transformations observed in atomistic
glass models [26].
The AQS scheme allows to resolve individual
avalanches but cannot discriminate between single and
multiple plastic events inside a given avalanche. There-
fore, noise kicks are defined between the end points of
consecutive avalanches. In the transient and the sta-
tionary regimes, we record all stress drops in an ap-
plied strain interval of 2%. From our data we can de-
termine not only the distribution of stress kicks P (∆σ0)
between two consecutive avalanches, but also the distri-
bution of the variation of yield stress P (∆σY ) and the
distribution of the variation of the residual stress P (∆x)
for the sites that did not fail during theses avalanches.
The results are shown in Figure 7, where we observe
that the stress kicks obey P (|∆σ0|) ∼ |∆σ0|−2.5 with a
system size dependent lower cutoff (defined by the in-
tersection of the flat region of the distributions with the
power law region) that varies as L−1.2 (Bottom panel).
The scaling of the lower cutoff implies a slightly overes-
timated value of µ = 2/1.2 ≈ 1.67, that could be related
to the fact that we estimate the scaling on small inter-
val [27]. The small peaks in the flat region come from
the fixed strain increment as a typical step generates a
stress ∼ Gδγ ≈ 1.2 · 10−3. The data is thus consistent
with eq. (4) with µ = 1.5, which is a larger exponent
than what is expected for an Eshelby kernel. Within the
AQS protocol, we can only probe stress changes between
entire avalanches and not single plastic rearrangements.
Therefore, the stress kicks that we measure are not com-
ing from spatially localized events but rather from ex-
tended ones, for which µ > 1 is expected [28].
Interestingly, the middle panel of Fig. 7 shows that the
local yield stress also changes even if the region did not
undergo a shear rearrangement. The atomistic simula-
tions are thus at variance with EPMs, which usually as-
sume ∆σY = 0, and the distribution of kicks P (∆σ0) is
equivalent to the distribution P (∆x). In our system, the
yield strain on stable sites varies between two consec-
utive rearrangements as P (|∆σY |) ∼ |∆σY |−1.8. Even
if the local environment of particles in terms of nearest
neighbors does not change, long ranged nonaffine dis-
placements that occur (even during the elastic branches
of loading) perturb the local environment. Already small
nonaffine changes in the atomic positions are likely to be
sufficient to slightly modify the local yield stress.
Coming now to the distribution of the variation of the
residual stress itself, the bottom panel of Fig. 7 shows
that P (|∆x|) ∼ |∆x|−2, implying µ = 1 and therefore a
compatibility with the Eshelby kernel. However, we be-
lieve this value to be coincidental. Moreover, the system
size scaling of the lower cutoff ∆xc ∼ L−1.05 is not con-
sistent with eq. (4). We attribute these differences to the
contributions ∆σY from the changing yield stress to ∆x.
We also note that the scaling of ∆xc is reasoably close to
the scaling that we found for xc.
The location of the lower cutoff ∆xc on the distribu-
tion P (x) is indicated with open circles in Figure 6. We
observe that for the largest system sizes L = 200 and
L = 300, ∆xc marks the entrance of the plateau region,
while for L = 100, it appears to be still in the power
law region. Given the limitations of accessible system
sizes with the atomistic simulations, these observations
are consistent with the notion expressed above that ∆xc
is the relevant discretization scale below which devia-
tions from the pseudogap form of P (x) become visible.
C. Scaling relations
The weakest residual stresses are controlling of the
flow of amorphous solids, which in the athermal qua-
sistatic limit consists of periods of elastic loading punc-
8FIG. 9. Evolution of the exponent α with applied strain γ com-
puted from 4 different methods: scaling of the stress drops, αS ,
scaling of the weakest sites, α〈xmin〉, from the pseudogap expo-
nent θ extracted from P (x) computed from the FM, αFM , and
from the scaling of 〈xmin〉 obtained from the inversion of the
cdf, αI .
tuated by sudden stress drops. The magnitude of these
stress drops decreases with increasing system size as
〈∆σ〉 ∼ L−αS . In the upper panel of Fig. 8 we com-
pute the average size of the stress drops induced by
global deformation vs. L and find a steady state value
αS = 1.27 in very good agreement with previous atom-
istic simulations [29, 30]. In the transient regime, a
larger value αS = 1.55 is found. Also shown is the be-
havior of 〈xmin〉 in these simulations, which also follows
a scaling form 〈xmin〉 ∼ L−α〈xmin〉 . If one assumes that
on average loads and releases compensate, one expects
〈∆σ〉 ∼ 〈xmin〉. Figure 9 reports that these two expo-
nents agree well with each other for the entire range of
deformation strain. As soon as deformation sets in, the
exponents jump from a (preparation dependent) initial
value near 1.2 to a larger value of 1.7 and then decrease
during the transient loading phase to a steady state value
1.27. Similar trends have been observed in prior atom-
istic simulation studies [20, 31].
The mean value of the weakest site 〈xmin〉 can be
computed from the underlying distribution of residual
stresses via a well-known expression from extreme value
statistics [19],∫ 〈xmin〉
0
P (x)dx =
c
Ld
⇒ 〈xmin〉 ∼ L−α〈xmin〉 (5)
From eq. (5) we see that depending on the form of P (x),
α〈xmin〉 can have different expressions. For instance, if
we assume that x ≤ 〈xmin〉 is inside the plateau region
then P (x) ∼ L−p and 〈xmin〉 ∼ L−(d−p). However, if
we assume that the pseudogap description P (x) ∼ xθ is
valid then 〈xmin〉 ∼ L−d/(1+θ).
In what follows, we seek to ascertain if the distribution
P (x) that we obtained with the FM method is compatible
with the exponents αS and α〈xmin〉 that were obtained
from unconstrained global AQS deformations. In order
to distinguish from these exponents, we denote by αFM
the value of the exponents obtained from FM. From the
observations made in Figure 6, we see that 〈xmin〉 is lo-
cated in the plateau region, which suggests αFM = d−p.
In the transient regime αFM = 1.85 while in the station-
ary regime αFM = 1.73. These two values are obviously
too large to be in agreement with what has been mea-
sured from global configurations.
Alternatively, we might assume that the global scaling
on 〈xmin〉 reflects the thermodynamic limit, where the
plateau is irrelevant. A careful inspection of P (x) reveals
that the crossover between the two power law regimes
observed in Figure 2 remains upon deformation. We can
therefore locate the transition from a region where the
power law is dominated by the FM artefacts coming from
the truncation of nonaffine displacements to a region
where we assume the pseudogap exponent to be valid.
As 〈xmin〉 < ∆xc and is located either in the plateau or
near the crossover region, we focus on the power law
region for x ≥ ∆xc. Moreover, as noted before, the
crossover toward the plateau decreases with increasing
L. Therefore, we compute the cumulative distribution
function (cdf) of P (x) for L = 300 and consider only the
range of x values between the crossover to the steeper
power law and the entrance to the plateau (x ≥ ∆xc) as
shown in the bottom panel of Figure 8. Once the pseu-
dogap exponent θFM is found, we determine the scal-
ing exponent as αFM = d/(1 + θFM ). In Figure 9 we
see that the agreement between αFM , αS and α〈xmin〉 is
good in the transient regime but αFM is slightly overesti-
mated in the stationary regime. As mentioned above, the
discreteness of the mechanical noise and the constraints
imposed by the FM reduce significantly the range where
P (x) ∼ xθFM can be observed.
Given the difficulties to extract a reliable value of θFM
directly from fits to P (x), we explore another approach,
which considers eq. (5) and extracts 〈xmin〉 from P (x)
by inverting its cdf, i. e. 〈xmin〉 = cdf−1(cLd). The re-
sulting exponent is denoted αI . The only free parameter
in this procedure is the proportionality constant c. The
choice of c allows to explore regions of different values
of x. We selected two values: c = 30, which explores
regions where x . 0.01 and c = 1000, for which x . 0.1
for the smallest system size L = 53. The former range
covers the values of x in the plateau regions. In Figure
9, we show the evolution of αI upon deformation. For
c = 30, αI is much larger than αS , α〈xmin〉 and even
αFM . For γ ≥ 0.03, the scaling only reflects the pres-
ence of the plateau as αI for γ = 0.03 and γ = 0.18 are
in agreement with the values αFM = d − p computed
above. The values for γ < 0.03 are also overestimated
despite the absence of plateaus, possibly due to poorer
sampling of small x. For c = 1000, however, we observe
a good agreement between αI and αS and α〈xmin〉 for the
whole range of deformation. This suggests that relevant
information is contained in the initial power law region
beyond the plateau.
9V. CONCLUSIONS
Using the FM method, we have examined the distribu-
tion P (x) of residual stresses (or local thresholds to me-
chanical instability) in athermal 2D amorphous solids. In
the quiescent (freshly quenched state), the FM method
reveals a power law form with two different exponents.
In the limit of small x, P (x) ∼ xθ1 where θ1 < 1 agrees
well with an independent estimate of the pseudogap ex-
ponent θ from extreme value statitics. The FM method
then shows a second power law regime with exponent
θ2 > 1. In this regime we believe the local yield stress
to be overestimated due to incomplete relaxation in the
probed region, and this effect could be more pronounced
for larger yield stresses.
As soon as deformation sets in, P (x) becomes ana-
lytic and develops a plateau as x → 0. The FM results
thus show that similar observations made with mesoscale
EPMs are generic and extend to a more detailed atomistic
model. In order to elucidate the origin of this plateau, we
have examined P (∆x), the distribution of the residual
stress differences between two consecutive avalanches.
This distribution has a power-law form with a system size
dependent lower cutoff ∆xc(L) that endows the stochas-
tic process with a characteristic scale. We believe that the
plateau appears for x < ∆xc(L), which is consistent with
our data in the limited range of system sizes L accessible
to us in atomistic simulations.
The computation of the pseudogap exponent θ from
the obtained distributions P (x) presents challenges. The
crossover into the plateau region severely limits the re-
gion in which θ can be determined by direct fits to
P (x). Only larger system sizes can help. Moreover, even
though the values of 〈xmin〉 obtained from unconstrained
global simulations fall into the plateau region for our
largest system sizes, the observed system size scaling is
not consistent with that predicted from the plateau it-
self. One possibility is that in the FM calculation, the
contribution from the changing local yield stress ∆σY to
the total change ∆x = ∆σY − ∆σ0 is somehow over-
estimated. The plateau thus appears sooner than in the
actually sampled residual stress distributions.
One of the most intriguing observations in the present
study is a changing local yield stress in regions not ex-
periencing a plastic event. This possibility is not concep-
tualized in current mesocale elastoplastic [32] or mean-
field [22] models of amorphous plasticity. Further im-
provements to the FM method that reduce the boundary
artefacts and allow a better relaxation are needed to fur-
ther explore this additional physics at the atomistic level.
A lingering question remains: what is the significance
of the existence of this plateau in P (x) for the statisti-
cal properties of the yielding transition? We suggest that
the answer depends on the precise form of the system
size scaling of the characteristic scale of the mechanical
noise increments ∆xc(L). For ideal ”Eshelby sources”
and no changes of the local yield stress except upon
yielding (as assumed in EPM and mean-field treatments),
we have ∆xc(L) ∼ L−2 from eq. (4). In this case, the
plateau crossover decreases faster with L than 〈xmin〉 ∼
L−α〈xmin〉 (α〈xmin〉 < 2) and 〈xmin〉 must remain in the
pseudogap region. The resultant scaling relations that
connect the exponent θ with the exponents τ and df
that describe the statistics of macroscopic avalanches re-
main unaltered [33]. The present results, however, sug-
gest at least the possibility that ∆xc(L) vanishes slower
than 〈xmin〉 and thus the scaling of 〈xmin〉 becomes dom-
inated by the plateau regime for large enough system
sizes. In this case, the scaling relationship that links the
pseudogap exponent θ to the avalanche exponents τ and
df will be altered. Our present computational capabili-
ties are insufficient to settle this question definitively.
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APPENDIX: DETERMINATION OF PLASTIC EVENTS
To determine plastic events, we revisit a criterion pro-
posed by Lerner and Procaccia [18], which relies on the
difference in potential energy between the affine defor-
mation Uaff and the underlying inherent structure U0 af-
ter deformation:
κ =
Uaff − U0
Nδγ2
(6)
where δγ is the strain increment. While in ref. [18] a rea-
sonable but arbitrary value of κ was selected, we demon-
strate here that there exists a range of κ associated with
purely elastic deformation and therefore a lower bound
above which κ captures plastic events only.
The demonstration relies on the hypothesis that we
work in the elastic regime. We look at the energy varia-
tion after an AQS step. The two stages in the AQS proto-
col lead to variation in the strain energy density that can
be described as follow:
1. During the affine deformation the strain energy
density evolves with respect to the starting config-
uration as:
ρUaff = ρUIS + σ0δγ +
GB
2
(δγ)2 (7)
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FIG. 10. Probability distribution function of κwhere κ has been
computed for each strain increment δγ. The vertical solid line
represents the lower bound of κ to detect plastic events.
where σ0 and UIS are respectively the residual
stress and the inherent structure energy associated
to the configuration before a strain increment is ap-
plied. GB is the affine shear modulus.
2. After the relaxation the strain energy density with
respect to starting configuration is given by:
ρU0 = ρUIS + σ0δγ +
G
2
(δγ)2 (8)
where G is the shear modulus.
Consequently the difference in strain energy density
gives:
ρ(Uaff − U0) = GB −G
2
(δγ)2 (9)
Finally, we can estimate an upper bound for κ in the
elastic regime:
κ =
GB −G
2ρ
≤ GB
2ρ
(10)
We determine that GB ≈ 26, meaning that the lower
bound for plastic activity is κ ≈ 13. To verify our analyti-
cal description, we computed κ for each strain increment
δγ = 5 · 10−5 upon deformation (up to 30%). Its proba-
bility distribution function is shown in Figure 10, where
we observe that the distribution is peaked around κ ≈ 8
and a long tail persists for larger value of κ. The peak
is associated with elastic contributions. Indeed we mea-
sured that G ≈ 12 for this system so κ is more likely to
be (26− 12)/2 ≈ 7.
We decided to chose κ ≈ 30 as criterion to ensure to
have only plastic contributions. In Figure 11, we observe
that κ is matching with stress release in the stationary
regime but more interestingly, as suggested in the inset,
FIG. 11. Main panel: Typical stress-strain curve obtained dur-
ing the deformation of a global system where L = 100. The
peaks in the κ observable indicate stress drops. Inset: Zoom in
the initial stage of the deformation.
this criterion allows one to determine plastic events for
which no stress drop is measured. This is due to the
higher sensitivity of the potential energy to structural re-
arrangement. The detection in terms of stress drops is
constrained by the choice of the strain increment as a
stress release would have been certainly noticed with a
smaller δγ but this would also imply longer simulation
times. Therefore, κ is an efficient criterion to monitor
plasticity while working with a finite value of δγ.
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